Let Γ g,n , for 2g − 2 + n > 0, be the Teichmüller group of an n-punctured genus g compact Riemann surface S g,n and letΓ g,n be its profinite completion. There is a natural homomorphism from the Galois cohomology ofΓ g,n , with coefficients in a discrete torsionΓ g,n -module, to the cohomology of the discrete group Γ g,n , with induced coefficients. The main result of this paper is that this map is an isomorphism.
Introduction
Let M g,n , for 2g − 2 + n > 0, be the functor of n-pointed, genus g, smooth algebraic curves over C. This functor is represented by a smooth connected Deligne-Mumford stack (briefly D-M stack) over C of dimension 3g − 3 + n, also denoted by M g,n . Let M g,n denote also the underlying topologicalétale groupoid.
In the category of topologicalétale groupoids, there are natural definitions of fundamental group (see, for instance, §4, Ch. I, [M] ) and of general homotopy groups (see §1.2, Ch. V, in [M] ). The fundamental group then turns out to be naturally isomorphic to the first homotopy group (Theorem V.1.6, [M] ).
For topologicalétale groupoids like M g,n , the theory is simpler, since they admit connected finite Galoisétale coverings in the subcategory of topological manifolds. They are given by the level structures M λ g,n such that λ dominates an abelian level of order at least 3 (see Proposition 1.2 in [B] ). The fundamental group of M g,n then fits in the short exact sequence (see Proposition I.4.3, [M] ):
whereπ 1 (M λ g,n , a) is the algebraic fundamental group of the connected scheme M λ g,n over C. In particular, the algebraic fundamental group of the D-M stack M g,n is isomorphic to the profinite completionΓ g,n of the fundamental group of the underlying topologicalètale groupoid.
At this point, a natural question is whether also theètale topological type of the D-M stack M g,n is an Eilenberg-MacLane space of type (Γ g,n , 1) in the category of pro-simplicial sets (see concluding remarks in [O] ).
By §5 in [O] and basic results inétale homotopy theory (see §6 in [A-M]), the above question has an affirmative answer if and only if the Teichmüller group Γ g,n is good, i.e. if the map on cohomology with finiteΓ g,n -coefficients, induced by the natural homomorphism Γ g,n →Γ g,n , is an isomorphism in all degrees (see exercises 1 and 2 of §2.6 in [S] ). Since the group Γ g,n is of F P ∞ type, this is actually equivalent to the fact that such isomorphism hold with arbitrary discrete torsionΓ g,n -coefficients.
In this paper, we are going to show that, for 2g − 2 + n > 0, the Teichmüller group Γ g,n is good. The proof is based on ideas and methods from [B] , where a similar statement is proved for what is there called the relative pro-ℓ completion of Γ g,n . For this reason, most of the arguments here are just sketched and the reader is referred to [B] for more details. Also definitions and notations are mostly borrowed from that paper.
One then concludes that theétale topological type of the D-M stack M g,n is an Eilenberg-MacLane space of type (Γ g,n , 1). On the other hand, similarly, the results of [B] imply that the pro-ℓétale topological type of the abelian level structure M (ℓ) g,n , for a prime number ℓ ≥ 2, is an Eilenberg-MacLane space of type (Γ(ℓ) (ℓ) , 1), where the group Γ(ℓ) (ℓ) is the pro-ℓ completion of the abelian level Γ(ℓ) < Γ g,n . The results of this paper thus complete the study of theétale homotopy of moduli spaces of smooth n-pointed genus g curves over an algebraically closed field of characteristic zero.
Good groups
In this section, we recall and rephrase definitions and results from [S] and [B] .
′ be a homomorphism of a discrete group G in a profinite group G ′ , with dense image. One says that G is good with respect to the completion G ′ if, for every discrete torsion G ′ -module A, the induced homomorphism on cohomology
is an isomorphism for all i ≥ 0. If G ′ is the profinite completion of G, one simply says that G is good.
Let {G λ } λ∈Λ be the tower of subgroups of G inverse images of open subgroups in G ′ and let M be a G-module. The G ′ -completion of M is defined to be the Hausdorff, complete, topological
where M G λ , for λ ∈ Λ, is considered a discrete G ′ -module and then M ′ is endowed with the topology of the inverse limit. The G ′ -completion ( ) ′ defines a functor from the category of discrete G-modules to the category of topological G ′ -modules. Since taking coinvariants is right exact and additive, it follows that the G ′ -completion functor is right exact and additive on finite coproducts.
In Definition 1.1, we implicitly associated, by restriction, to a topological G ′ -module A the G-module i ♯ (A). Restricting the functor i ♯ to a suitable category of topological G ′ -modules, one can characterize the functor ( ) ′ as its left adjoint. Let us denote by (G ′ -mod) lim the category of topological G ′ -modules A, which are topologically isomorphic to the inverse limit of a tower {A λ } λ∈Λ , where A λ is a discrete G/G λ -module. In particular, such modules are Hausdorff, complete and totally disconnected.
Restricting the target of the G ′ -completion functor to the category (G ′ -mod) lim , it is easy to check that M ′ satisfies the usual universal property of completions and it is characterized by it. Thus, given a G-module M and A ∈ (G ′ -mod) lim , there is a natural isomorphism:
where cHom( , ) means continuous homomorphisms. Hence, the functor:
is left adjoint to the functor
In particular, the functor ( ) ′ , when considered in the above categories, is right exact and commutes with arbitrary colimits. Moreover, since the restriction functor is exact, the functor ( ) ′ also preserves projectives. For finitely generated freeẐ[G]-modules, one can directely check that there is a natural isomorphism:
As in [S] and [B] , the basic result is the following:
with dense image. The following properties are then equivalent
is bijective for i ≤ n and injective for i = n + 1. 
completion of any partial free resolution of finite type and lenght n + 1 of the trivialẐ[G]-moduleẐ gives a partial free resolution of finite type and lenght
Proof. The proof is similar to that of Lemma 4.2 in [B] .
An immediate consequence of the above lemma is the following proposition: Fundamental groups of Riemann surfaces provide some of the most elementary examples of good groups. Let S g,n be a fixed n-punctured, compact, orientable, genus g Riemann surface and let, for a fixed base point, Π g,n be its fundamental group. Proposition 1.2 The group Π g,n is good.
Proof. See the proof of Proposition 4.3 in [B] .
Let Hom
+ (S g,n ) be the group of orientation preserving self-homeomorphisms of an npunctured, compact, orientable, genus g Riemann surface S g,n and let Hom 0 (S g,n ) be the subgroup consisting of homeomorphisms homotopic to the identity. By basic Teichmüller theory, for 2g − 2 + n > 0, there is a natural isomorphism:
In particular, there are faithful representations:
A topologically finitely generated profinite group has a basis of neighborhoods of the identity consisting of open characteristic subgroups. Therefore, its group of continuous automorphisms is profinite as well. Let us then denote, respectively, by Aut(Π g,n ) and Out(Π g,n ) the profinite groups of continuous automorphisms and of outer continuous automorphisms of the profinite completionΠ g,n of Π g,n .
Definition 2.1 For 2g − 2 + n > 0, let then Γ g,n+1 andΓ g,n be the closure, respectively, of Γ g,n+1 in Aut(Π g,n ) and of Γ g,n in Out(Π g,n ). By Remark 1.1 in [B] , there is a natural continuous epimorphismΓ g,n+1 → Γ g,n+1 .
Remark 2.1 Mind that the above notations clash with those given at the beginning of §4 in [B] , even though the groups they denote play the same role in both papers.
To the geometric short exact sequence 1 → Π g,n → Γ g,n+1 → Γ g,n → 1, induced by the natural morphisms M g,n+1 → M g,n (forgetting the (n + 1)-th label), corresponds, group-theoretically, the natural short exact sequence
By Lemma 1, §2, in [Fa] , it then follows: Proposition 2.1 The closure of the image of Π g,n in the profinite group Aut(Π g,n ) is isomorphic to the profinite completionΠ g,n . In particular, the closure of the image of Π g,n in any profinite completion of Γ g,n+1 finer than Γ g,n+1 is isomorphic to the profinite completionΠ g,n .
Corollary 2.1 For 2g − 2 + n > 0, there are natural short exact sequences of profinite groups:
Remark 2.2 For genus 0, one then has Γ 0,n ≡Γ 0,n ≡Γ 0,n .
Definition 2.2 Let 2g − 2 + n > 0 and n ≥ 1. A profinite completion Γ ′ g,n of the Teichmüller group Γ g,n is said to be an A 1 -completion, if the following two conditions are satisfied:
(i) the profinite completion Γ ′ g,n is finer than Γ g,n ;
(ii) the natural homomorphism Γ g,n → Γ ′ g,n satisfies property [A 1 ] of Lemma 1.1. Remark 2.3 By Proposition 1.1, the profinite completionΓ g,n of the Teichmüller group is an A 1 -completion, but it is not clear whether it is the unique one.
Proposition 2.2 Let Γ ′ g,n+1 , for 2g − 2 + n > 0 and n ≥ 1, be an A 1 -completion of the Teichmüller group Γ g,n+1 . There is then a natural short exact sequence:
Proof. By Proposition 2.1, one has that the closure of Π g,n in Γ ′ g,n+1 is the profinite completionΠ g,n .
From Corollary 2.1, it follows that the profinite completion Γ ′ g,n induced by Γ ′ g,n+1 on Γ g,n via the natural epimorphism Γ g,n+1 → Γ g,n is finer thanΓ g,n , which, as we remarked in Definition 2.1, is finer than Γ g,n . Thus, the profinite completion Γ 
From Hochschild-Serre spectral sequence, on low degree cohomology, for any discrete torsion Γ ′ g,n -module A, it is induced a commutative diagram with exact rows:
The conclusion then follows from hypothesis and Proposition 1.2.
Definition 2.2 was motivated by the following proposition stemming from it:
Proposition 2.3 Let 2g − 2 + n > 0 and 0 ≤ g ≤ 1. Then the Teichmüller group Γ g,n is good with respect to any given
Proof. For g = 0, by Remark 2.2, one has Γ ′ 0,n ≡Γ 0,n and the proposition follows from induction on n and Hochschild-Serre spectral sequence.
For g = 1 and n = 1, observe that Γ 1,1 ∼ = SL 2 (Z) has virtual cohomological dimension one. More precisely, the congruence subgroup Γ(m) < SL 2 (Z) is a finitely generated free group for m ≥ 3. Consider then the short exact sequence
induced by the A 1 -completion Γ ′ 1,1 . By Shapiro's Lemma, the natural homomorphism Γ(3) → Γ (3) ′ satisfies property [A 1 ] of Lemma 1.1. Since Γ(3) has cohomological dimension 1, from Lemma 1.1, it follows that Γ(3) is good w.r.t. the completion Γ (3) ′ . By HochschildSerre spectral sequence, one then has that Γ 1,1 is good w.r.t. the completion Γ ′ 1,1 . From Definition 2.2 and Proposition 2.2, it follows that, for any A 1 -completion Γ ′ 1,n+1 , there is a short exact sequence
where Γ ′ 1,n is also an A 1 -completion of Γ 1,n . For g = 1 and n > 1, the proposition then follows from induction and Hochschild-Serre spectral sequence.
Γ g,n is good
The main results of this section are the following:
Theorem 3.1 For 2g − 2 + n > 0 and n ≥ 1, the Teichmüller group Γ g,n is good with respect to any
Theorem 3.2 Let 2g − 2 + n > 0. The Teichmüller group Γ g,n is good.
The proof of Theorem 3.1 closely follows that of Theorem 7.3 in [B] . The complex of non-separating curves C 0 (S g,n ) is defined to be the simplicial complex whose simplices are sets {v 0 , . . . , v k } of distinct, non-trivial, isotopy classes of circles on S g,n , such that they admit a set of disjoint representatives and S g,n {v 0 , . . . , v k } is connected. The simplicial complex C 1 (S g,n ) is defined to be its 1-skeleton. There is a natural simplicial action of the Teichmüller group Γ g,n on the simplicial complex C 1 (S g,n ) and one can order the vertices of C 1 (S g,n ) in a way that the induced action of the abelian levels of Γ g,n preserve that order. Let then C 1 (S g,n )
• be the simplicial set associated to the simplicial complex C 1 (S g,n ) and the above ordering of its vertex set. Let {Γ λ } λ∈Λ be the tower of levels of Γ g,n inverse image of the tower of open normal subgroups of the completion Γ ′ g,n such that Γ λ is contained in an abelian level Γ(m) for some m ≥ 2. The Γ ′ g,n -completion of the complex of curves C 1 (S g,n ) is then defined by:
It is a simplicial profinite set endowed with a natural continuous geometric action of the profinite group Γ ′ g,n (see §5 in [B] for this notion). The idea of the proof of Theorem 3.1 is to compare the cohomologies of Γ g,n and Γ ′ g,n by means of the equivariant cohomology spectral sequences for the two groups acting on the complex of curves C 1 (S g,n ) and on the completed complex of curves C 1 (S g,n ) ′ , respectively. The crucial point, in order to prove Theorem 3.1, is then a suitable description of the stabilizers for Γ ′ g,n acting on the completed complex of curves C 1 (S g,n ) ′ .
Theorem 3.3 For g and n ≥ 1, let Γ ′ g,n be an A 1 -completion of Γ g,n . Let then γ be a non-separating circle on S g,n and denote by Γ
There is a short exact sequence
Proof. In Section 2 of [B] , we saw that there is a short exact sequence:
From the local monodromy description of the levels Γ
[2],m (see Theorem 1.1 in [B] ), it follows that the closure of the subgroup Z · τ γ in Γ Proof. Proceeding like in the proof of Lemma 7.2 in [B] (see Remark 2.1), one is eventually reduced to prove the following lemma: Lemma 3.2 Let γ be a non-separating circle on S g,n . The embedding S g,n γ ֒→ S g,n induces, on fundamental groups, a monomorphism π 1 (S g,n γ) ֒→ Π g,n such that the closure of the subgroup π 1 (S g,n γ) in the profinite completion of Π g,n is the profinite completion of π 1 (S g,n γ).
Proof. Let S γ be the Riemann surface with boundary obtained cutting S g,n along γ, then π 1 (S g,n γ) ∼ = π 1 (S γ ). Let C be a finite index characteristic subgroup of π 1 (S γ ). It is enough to show that theétale Galois cover S C → S γ , corresponding to C, descends to anétale cover of S g,n . Let γ ′ and γ ′′ be the boundary components of S γ . Since C is characteristic, it follows that the covers induced by S C → S γ over γ ′ and γ ′′ respectively are equivalent. Let " ∼ " be the equivalence relation on S γ such that S g,n ∼ = S γ / ∼. Then, it is not hard to see that one can lift the equivalence relation " ∼ " to S C , in a way to obtain anétale cover S C → S g,n .
For g = 1, from Lemma 3.1 and Remark 2.2, it follows that Γ ′ 0,n+2 is the profinite completion of Γ 0,n+2 and then condition (ii) of Definition 2.2 is verified by Proposition 1.1. Let us check that this condition is also satisfied for g ≥ 2.
Proceeding exactly like in the proof of Theorem 7.1 in [B] , one can show that, for every prime ℓ ≥ 2, it holds lim
Then, by Lemma 1.1, one has that the natural homomorphism Γ γ → Γ ′ γ satisfies property [A 1 ] of Lemma 1.1. There is a commutative diagram with exact rows:
From the five term exact sequences of the Hochschild-Serre spectral sequences associated to the rows of the above diagram, it then follows that property [A 1 ] of Lemma 1.1 is also verified by the natural homomorphism Γ g−1,n+2 → Γ ′ g−1,n+2 .
As in [B] , Theorem 3.3 generalizes to arbitrary simplices in a straightforward way: At this point, Theorem 3.1 is proved proceeding by induction on the genus and the base for the induction is provided by Proposition 2.3. Let us then assume that the statement of Theorem 3.1 holds for genus less than g. Observe that all the arguments of Section 5 in [B] apply if we takeẐ instead of Z ℓ as ring of the coefficients for all the completed group algebras and, more in general, for all the topologically free modules considered there. Thus, the results of Section 5 in [B] hold for arbitrary discrete torsion G ′ -modules instead that just for discrete ℓ-primary torsion G ′ -modules, as they are stated there. In particular, for a given discrete torsion Γ ′ g,n -module A, one has the two equivariant cohomology spectral sequences:
(C 1 (S g,n ) ′ , A);
